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Calulating the nulear mass at nite angular momenta
B.G. Carlsson and I. Ragnarsson
Division of Mathematial Physis, Lund Institute of Tehnology, P.O. Box 118, SE-221 00 Lund, Sweden
Mean eld methods to alulate the nulear mass are extended into the high-spin regime to al-
ulate the nulear binding energy as a funtion of proton number, neutron number and angular
momentum. Comparing the trend as a funtion of mass number for a seletion of high-spin states,
a similar agreement between theory and experiment is obtained as for ground state masses.
PACS numbers: 21.10.-k,21.10.Dr,21.60.-n,21.60.Ev
A fundamental property of nulei is their mass or
equivalently, their binding energies, B. The variation of
the nulear mass with proton and neutron number will
reveal the shell eets whih are losely related to the
magi numbers and the extra binding assoiated with
these numbers. It will also give some general idea about
whih regions of nulei are deformed and if some spei
partile numbers gives rise to extra binding for deformed
nulear shapes. In reent years, it has beome possible
to study a large number of nulei up to very high angu-
lar momenta. A natural extension is then to study the
variation of the total nulear energy as a funtion of the
angular momentum, I, i.e. to extend the investigations
of the binding energy to three dimensions, B(Z,N, I).
A rst attempt to study the experimental shell eets
at high spin was arried out in Ref. [1℄ where the energies
of high-spin states in Z = 50−82 nulei were plotted rela-
tive to a somewhat shemati rotating liquid drop energy.
In the present study we will instead investigate how well
the high-spin states in a few seleted nulei are repro-
dued by state-of-the-art marosopi-mirosopi alu-
lations. A big simpliation at high spin is that pairing
orrelations are negligible whih should make our alu-
lations more reliable. We will thus onsider a limited
number of nulei whose level shemes are known up into
the unpaired regime and whih have been suessfully
interpreted in alulations.
In the present study, we will start from the nite range
version of the liquid drop model beause for this model
systemati ts to the masses of all nulei with N,Z ≥ 8
have been performed [2℄. It turns out however that this
model has some problems at low mass numbers where the
energy beomes unstable with respet to high multipole
deformations [3℄. Therefore, we will also onsider a reent
version of a lassial liquid drop formula, the LSD model
[4℄ where an A1/3 urvature term has been added to the
lassial Myers-Swiateki expressions [5℄.
In the marosopi-mirosopi approah, the total nu-
lear energy is obtained as
Etot = min
def
[
El.d.(def) +
h¯2I(I + 1)
2Jrig.(def)
+ Eshell(def, I)
]
(1)
in the high-spin limit when pairing is ignored. In the
formula, it has been speied whih terms depend on de-
formation (def) and angular momentum, I, respetively.
The two rst terms orrespond to the rotating liquid drop
energy and the third term is the shell energy.
In order to alulate the shell eets at high spin, we
will rely on ranked Nilsson-Strutinsky (CNS) formalism
with the modied osillator potential beause it is only
in this model [6, 7℄ that systemati high-spin alulations
have been arried out for nulei in essentially all mass
regions. In order to keep the number of parameters as
small as possible, we have used the so-alled A = 110
parameters [7℄ for all nulei. These parameters have been
optimized for nulei with A = 100 − 150 but should be
approximately appliable for all mass numbers.
As one alternative for the stati liquid drop energy,
El.d. in Eq. (1), we onsider the nite range liquid drop
model (FRLDM) [2℄ whih is more onsistent [8℄ than the
nite range droplet model (FRDM) in the desription of
ssion and thus probably more reliable for strongly de-
formed shapes. The FRLDM parameters have been tted
to reprodue ground state masses for 1654 nulei and 28
ssion-barrier heights. The resulting root mean square
error after experimental errors have been ompensated
for is σth = 0.779 MeV [2℄. In the present study, this
model an not be applied diretly beause pairing is im-
portant at the ground state while we are interested in
unpaired high-spin states. Indeed, in the t, an aver-
age pairing energy is inluded in the marosopi liquid
drop energy and must be removed. Furthermore, a zero-
point energy for vibrations in the elongation diretion is
also inluded whih appears inonsistent for high-spins
where the speial symmetry favoring axial shapes is bro-
ken. One might onsider to inlude the full quadrupole
zero-point energy term but this would be very diult
in pratie. Thus, a new t to the same masses has been
performed where the full pairing interation has been in-
luded in the mirosopi terms and where no zero-point
energy is inluded. This new t gives a very similar mean
square error, namely σth = 0.778 MeV, orresponding to
a `standard' root mean square error of 0.783 MeV. The
biggest dierene between the two ts is the onstant
term whih inreases from 2.6 to 7.2 MeV but there are
also minor dierenes in all other terms.
The seond alternative for the stati liquid drop en-
ergy, the LSD model [4℄, has been tted to the same
shell orretions as the FRLDM for Z ≥ 29 and N ≥ 29
but for lighter nulei semi-empirial shell orretions are
used instead. Therefore, as illustrated for nulei along
β-stability in Fig. 1, the two models give very similar
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Figure 1: Dierene in energy between the FRLDM and the
LSD model for nulei along the beta-stability line at spin zero
and spherial shape.
energies for mass numbers A ≈ 50 − 250 but they be-
ome rather dierent for smaller mass numbers. The
LSD model has been tted to 2766 masses with a root
mean square error of 0.698 MeV whih dereases to 0.610
MeV when only 1654 masses are onsidered. In order
to remove the zero-point energy and the average pairing
when using the LSD model without retting the param-
eters we make an estimate based on the two ts for the
FRLDM. We alulate the energy dierene for a spheri-
al nulei between the two ts and add this ontribution
to the LSD model. This way we introdue a onstant
shift for eah nuleus but we do not hange the original
deformation dependene in the model.
With the stati liquid-drop energy xed, it only re-
mains to x the parameters of the rigid moment of iner-
tia whih enters in the seond term of Eq. (1). It an be
alulated as [9℄
Jrig. =
2
5
Mr20A
2/3δJ (ε2, γ, ε4) + 4Ma
2
(2)
where the radius for a spherial nuleus is parameter-
ized as r0A
1/3
and where the diuseness is introdued
in the form of a Yukawa folding funtion with range
a. A density distribution whih hanges from 10% to
90% of its entral value in a distane of 2.4 fm is de-
sribed by a ≈ 0.75 fm. M is the nulear mass whih
varies as A. The rst expression on the right in Eq.
(2) is the rigid body moment of inertia for a spherial
nuleus with a sharp boundary. The deformation orre-
tion, δJ (ε2, γ, ε4), whih equals one for spherial shape,
is larger than one for shapes mainly relevant for rapidly
rotating nulei, i.e. for rotation around the smaller axis
(0◦ < γ < 60◦). Note that the diuseness orretion (the
last term in Eq. 2) is independent of deformation.
The moment of inertia parameters, r0 and a are ob-
tained by a t to experimentally determined nulear
harge density distributions. We t the root-mean-square
value of the radius 〈r2〉1/2(ε2, r0, a), alulated with a
Yukawa folding funtion, to the values given in Ref. [10℄
for 116 nulei with A > 16. The quadrupole deforma-
tions of the ground-states are taken from Ref. [2℄. The
result of the t is r0 = 1.1599 fm and a = 0.5984 fm
and the standard deviation of the errors are s = 0.0454
fm. Sine the root-mean-square radius as well as the mo-
ment of inertia involves integrals over 〈x2〉, 〈y2〉 and 〈z2〉,
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Figure 2: Experimental (top panel) and theoretial (middle
panel) mirosopi energies and their dierene (lower panel)
for some well-established high-spin bands in A = 109 − 156
with the level sheme of
109
Sb extended down to I = 0. The
LSD model and a diuse surfae (r0=1.16 fm, a=0.6 fm) has
been used when alulating the rst and seond terms, respe-
tively, of Eq. (1). Calulated states where all valene nuleons
have their spin vetors aligned with the axis of rotation (ter-
minating states) are enirled.
this should give aurate values for the moment of inertia
even though there might be a larger unertainty in the
two values, r0 and a.
Fig. 2 illustrates the total energy for a few nulei as a
funtion of spin. It is drawn using the LSD model for the
stati liquid drop energies and radius onstants r0=1.16
fm and a=0.6 fm obtained from the t desribed above.
For eah nuleus the energy of the orresponding rotating
liquid drop has been subtrated. This is thus a straight-
forward generalization of `standard' mass plots, see e.g.
Figs. 1 and 2 of Ref. [2℄, whih gives us a onvenient sal-
ing when omparing the mirosopi energy for dierent
nulei or when omparing theory and experiment.
The yrast line for
109
Sb in Fig. 2 is drawn starting
from low spins where the disrepanies between between
alulations and experiment should be an approximate
measure of the pairing energy whih is not inluded in
the alulations. The high-spin bands in
109,110
Sb are
both observed to termination at I = 41.5 and I = 45,
respetively. They are some of the rst and best devel-
oped smooth terminating bands in the A = 110 region
[7℄. Relative to the
100
Sn ore, they have two proton
holes in the g9/2 shell and one proton and two and three
neutrons, respetively, in the high-j h11/2 orbitals. The
band in
113
I, referred to as band 1 in Ref. [11℄, has the
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Figure 3: Dierene in total energy between theory and ex-
periment for 10 nulei with masses in the range A = 20−194.
In the lower panel, the same parameters as in Fig. 2 have been
used while in the upper panel, the LSD model for the stati
liquid drop energy has been replaed by the FRLDM and, in
the middle panel the diuse surfae when alulating the rigid
moment of inertia has been replaed by a sharp surfae.
same number of holes and thus more valene partiles
whih means that it has a higher terminating spin value
at Ipi = 54.5+ and it is observed up to I = 50.5. The
156
Dy band [12℄ shown in Fig. 2 is yrast at the highest
spin values. It is interpreted as having four proton holes
in the Z = 64 ore and is tentatively observed to its ter-
mination at I = 62. The band drawn for 152Dy is the rst
superdeformed band identied [13℄ in the A = 150 region
and the only suh band whose absolute exitation energy
is known [14℄ . Its interpretation in CNS alulations is
disussed in Ref. [15℄ .
In order to extend the omparison of Fig. 2 to a larger
mass region, we ompare alulated and experimental en-
ergies for additional nulei in Fig. 3 where dierent ver-
sions of the rotating liquid drop formula are used. Before
disussing the details of this gure, we will briey de-
sribe the rotational bands whih in addition to the ones
previously disussed have been inluded in the ompar-
ison. The band observed to terminate at 8+ in 2010Ne10
[16℄ is built with two valene protons and two valene
neutrons in the d5/2 shell. Cranked Nilsson-Strutinsky
alulations for this band have been disussed e.g. in Ref.
[17℄ and reviewed in [7℄. The band in
36
Ar is the so alled
superdeformed band whih is interpreted in CNS as well
as shell model alulations as having idential proton and
neutron ongurations with two partiles in f7/2 and two
holes in p3/2 [18℄. The highest spin band shown for
59
Cu
[19℄ has been referred to as superdeformed with four holes
in the
56
Ni ore and onsequently seven partiles in open
shells with three of them in high-j g9/2 orbitals. The
other band (with both signatures shown) has three holes
and two of the six partiles in g9/2 orbitals. The two
bands in
62
Zn have one hole in the ore and two or three
of the seven valene partiles in the g9/2 shell [20℄. For
156
Dy, the two negative parity bands observed to highest
spin, Ipi = 52−, 53− are inluded in addition to the band
shown in Fig. 2. Of the three superdeformed bands linked
to the normal-deformed states in the A = 190 region, the
band in
194
Hg [21℄ has been inluded in our ompari-
son beause it is observed to higher spins than the other
bands. Aording to the present alulations, it has the
high-j pi(i13/2)
4ν(j15/2)
4
onguration in agreement with
standard interpretations, see e.g. [22℄.
With the same parameters used in Fig. 2 and in the
lower panel of Fig. 3, those data points that are repeated
are idential. These parameters desribe the data with
good auray. Typial errors are in the range of ±1
MeV. Note espeially that from the limited data set on-
sidered here, the general trend as a funtion of mass num-
ber appear orret. This is ontrary to the results in the
upper panel where in the stati liquid drop energy, the
LSD model has been replaed by the FRLDM. This re-
sults in systemati dierenes for light nulei where the
alulated energies are lower than the experimental en-
ergies. Thus, the FRLDM predits similar results as the
LSD model for heavy nulei but substantially lower total
energies for
20
Ne,
36
Ar and
59
Cu. One reason for this is
that the two models are tted to dierent shell orre-
tions for Z < 29 and N < 29 (as seen in Fig. 1). Another
reason is that for light nulei the two models have dier-
ent deformation dependenies, with the FRLDM being
softer in the ε2 and ε4 diretions. Therefore for light
nulei the FRLDM generally predits somewhat larger
ε2 deformations and in some ases so large ε4 defor-
mations that the orresponding shapes appear unreal-
isti. Consider for example the terminating state in
36
Ar
whih is predited to have a deformation of ε2 = 0.415
and ε4 = 0.188 using the FRLDM and ε2 = 0.356 and
ε4 = 0.065 in the LSD model. Similar results are ob-
tained for the terminating state in
20
Ne whih is pre-
dited to have a deformation of ε2 = 0.120 and ε4 = 0.210
using the FRLDM and ε2 = 0.092 and ε4 = 0.033 in the
LSD model.
The only dierene between the two lower panels in
4Fig. 3 is that a sharp surfae is used when alulating
the rigid body moment of inertia in the middle panel
while a diuse surfae is used in the lower panel. The
radius in the sharp surfae ase is hosen as the value
used to alulate the Coulomb energy in the LSD for-
mula, r0 = 1.21725 fm orresponding to a rigid moment
of inertia of a sphere whih is about the same same as
in the diuse surfae ase for A ≈ 140. In general, the
dierenes between the two lower panels are not so big
for heavy nulei but beome more pronouned for light
nulei. For example, the `diuse moment of inertia' for
spherial shape is around 13 % bigger for A = 36 and
more than 20 % bigger for A = 20. For 20Ne and 36Ar,
this results in an energy dierene between 2.5 and 3 MeV
for the terminating I = 8 and and I = 16 states, respe-
tively. For large deformations however, these dierenes
beome smaller beause the diuseness orretion to the
moment of inertia is independent of deformation (Eq. 2).
Thus, for the strongly deformed 16+ state in 36Ar, the
dierene is only about 1.5 MeV in the full alulation
while for the less deformed 8+ state of 20Ne its around
3 MeV. Dierenes up to about 1 MeV are then seen in
the bands for the A = 60 nulei. An interesting eet
is seen in the superdeformed band in
152
Dy. For spher-
ial shape, the two formula for the moment of inertia
give energy dierenes (in opposite diretion relative to
the light nulei) of only around 0.2 MeV for I = 60 but
the dierene inreases to 0.7 MeV at the alulated 2:1
deformation of the superdeformed band.
With the present formalism we are thus able to put ex-
perimental and theoretial results on a ommon absolute
sale for high-spin alulations with no pairing. In pre-
vious alulations, either the nulear binding energy at
the ground state has been onsidered as a funtion of N
and Z or the energy of a spei nuleus has been onsid-
ered as a funtion of angular momentum, I. Systemati
trends or variations of the mirosopi energy at high spin
might provide us with new insight into high-spin phenom-
ena, for example making it possible to ompare regions
where angular momentum is built mainly from olletive
rotation and mainly from single-partile exitations, re-
spetively. A dierent aspet is that the predition of
prompt partile deay from high-spin states, whih has
been observed [23℄ for example in the nuleus
59
Cu dis-
ussed here, requires reliable estimates of the absolute
energy dierene between the mother and daughter nu-
leus.
A natural extension of the present approah is to in-
lude many more nulei to see if the general trends of Fig.
3 are still the same. One ould also make a new mass t
in the high-spin region varying r0 and a in the moment
of inertia formula or in the long run, adjust `all parame-
ters' in a global t in the N,Z, I spae in whih ase it
would learly be neessary to also inlude pairing. One
possibility might be to alulate the pairing energy only
for I = 0 and postulate a semiempirial formula how it
slowly disappears with angular momentum in whih ase
it would be possible to keep the onguration traing in
the high-spin regime whih is one of the most important
features of the CNS approah. Espeially for light nu-
lei, the high-spin data appears important. For example,
it might be possible to obtain a more reliable estimate of
the stiness towards deformation for nulei with A <∼ 100
where ssion barrier data are unknown or unertain but
where the energy of several strongly deformed high-spin
bands are well established.
In summary, a onsistent reipe has been introdued to
onsider the total energy in the full N,Z, I spae. Good
agreement between alulations and experiment is ob-
tained using a standard liquid drop expression with an
A1/3 urvature term, an average moment of inertia al-
ulated from a diuse surfae mass distribution and shell
orretions based on the modied osillator potential.
For high-spin states in the mass range A = 20 − 200,
the disrepanies appear omparable to those obtained
in state of the art mass alulations. The onsequenes
of using dierent models when alulating the rotating
liquid drop energy were investigated.
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